Here we prove the existence of several pairs (d, g) ∈ N 2 in the Range A such that there is a connected reducible curve X ⊂ P 3 such that deg(X) = d, p a (X) = g and X has the expected minimal free resolution.
Introduction
For a description of the degrees and genera of smooth space curves in the Range A, see the introduction of [2] . For the general background on the minimal free resolution of closed subschemes of a projective spaces, see [5] , [3] or [7] . We will often use the relations between the Betti numbers of the minimal free resolution of a space curve X and the integers h i (I X ⊗ Ω P 3 (x + 1)) and h i (I X ⊗ T P 3 (x − 2)), x ∈ Z, i = 0, 1 (see Remarks 1 and 2). Here we will consider reducible, connected space curves with degrees and arithmetic genera in the Range A and prove the following 0 (I X (x)) = 0 for all x ≤ t, h 1 (I X (x)) = 0 for all x ≥ t + 2, and the homogeneous ideal of X is generated by 
for all x ≥ t + 2, the homogeneous ideal of X is generated by τ := 
Remark 1.
Take X satisfying all the assumptions of Theorem 1. Assume h 1 (O X (t + 1)) = 0. Since Ω P 3 (2) is spanned, we get h 1 (X, Ω P 3 (t + 3)|X) = 0. Hence
1 (I X (t + 1)) = 0. The homogeneous ideal of X is generated by forms of degree t + 2 if and only if h 1 (I X ⊗ Ω P 3 (t + 3)) = 0, i.e. if and only if the restriction map
if and only if
Remark 2. Take X as in the statement of Theorem 2 and make all the assumptions of Remark 1. In particular we assume that X has maximal rank rank and that the homogeneous ideal of X is generated by τ forms of degree t + 2. Since T P 3 (−1) is spanned and h 1 (X, O X (t + 1)) = 0, we get
The minimal free resolution of X is the expected one for the pair
Under the assumptions of Theorem 2 we will prove that h 1 (I X ⊗ T P 3 (t)) = 0, i.e. we will prove that the restriction map
We work over an algebraically closed field K. Set O := O P 3 and Ω := Ω P 3 . For any sheaf F on
The dual of Euler's exact sequence of T P 3 gives the following exact sequence
Remark 3. By Euler's exact sequence of T P 3 and its dual (1) we get h
, and h i (T P 3 (t)) = 0 for i ∈ {1, 2}, t ∈ Z, and (i, t) = (2, −4).
Remark 4. Let Z ⊂ P
3 be a closed subscheme such that Z is a reduced outside a finite set and Z red is a curve Y . Fix an integer m ≥ 2 and assume
By (1) and its dual we obtain
By (2) and (3) We will often use the following weak form of the so-called Horace's lemma. 
From (4) we get:
Notation 1. For any integer m and any closed subscheme
Let Q ⊂ P 3 be a smooth quadric surface. Set Θ := T P 3 |Q and Λ := Ω|Q.
Remark 6.
Consider the normal bundle sequence of Q in P 3 : 
Proof. T P 3 (−1)|C is a spanned vector bundle with rank 3 and degree 4. Since C is not planar, it is easy to check (use the Euler's sequence) that O C is not a factor of T P 3 (−1)|C. No degree 1 line bundle on C is spanned. No degree 1 or degree 2 rank two indecomposable vector bundle on C is spanned. Hence T P 3 (−1)|C is indecomposable. Since the integers deg(T P 3 (−1)|C) and rank(T P 3 (−1)|C) are coprime, Atiyah's classification of vector bundles on an elliptic curve gives the stability of C. Part (ii) follows from part (i), because a stablle vector bundle with degre > 0 (resp. < 0) has no h 1 (resp. no h 0 ).
Taking duals we get the following lemma. 
Lemma 4. Fix integers w, x, y such that
Proof. First assume x + y ≡ 0 (mod 3). The assumptions on the integers x, y are satisfied if and only if there are an integer e ≥ 0 and smooth curves C i , 1 ≤ i ≤ e, such that T := C 1 ∪ · · · ∪ C e is a nodal curve of type (x − 1, y − 1) and each C i has either type (1, 2) or type (2, 1). Since h 1 (Q, Λ(−1, −1)) = 0, we may assume w > 0 and hence (x, y) = (1, 1), i.e. e > 0. By semicontinuity it is sufficient to prove the existence of S ⊂ T reg such that (S) = w and 
is either a curve of type (1, 2) or a curve of type (2, 1), while D is a smooth curve of type (2, 2), i.e. an elliptic linearly normal curve of P 3 . We apply Horace's lemma (i.e. Remark 7) e + 1 times. At the first step we apply Horace's lemma with respect to the curve D and use Lemma 2. Now assume X + y ≡ 2 (mod 3). Set e := (x + y − 8)/3. By assumption we have e ≥ 0. There are smooth curves
is either a curve of type (1, 2) or a curve of type (2, 1), while D and D are smooth curve of type (2, 2). we apply e + 2 times Remark 7 and twice Lemma 2.
In the same way we get the following result.
Lemma 5. Fix integers w, x, y such that
Lemma 6. Fix integers w, x, y such that w < 3xy + 7x + 7y + 1)/3, x ≥ 1,
Proof. Copy the proof of Lemma 5, just using at the last step that h 1 (Q, I P,Q ⊗ Θ(−1, −1)) = 0 for any P ∈ Q.
Remark 8.
Fix an integer t ≥ 1. Let C t denote any smooth projectively normal curve with
as its minimal free resolution (see [2] for stick-figures K t with the same minimal free resolution and for their use). Hence deg(
and h 2 (I Ct (t − 2)). The curve C t has maximal rank and its homogeneous ideal is generated by (t + 1) forms of degree t (use 6). From (6) we also get h 1 (C t , N Ct (−2)) = 0. By (6) ρ Ct,t is bijective, while ρ Ct,Ω(t+1) and ρ Ct,T P 3 (t−1) are surjective. 
Proof. Fix a smooth quadric Q. Let C t ⊂ P 3 be any smooth curve defined in Remark 8 and such that Q∩C t is formed by 2t distinct points which have good postulation with respect to any line bundle on Q (use h 1 (C t , N Ct (−2)) = 0 and [8] , Th. 1.5). Let T ⊂ Q be a smooth curve of type (a, b) such that
). This is possible, because C t ∩ Q is a sufficiently general subset of Q with cardinality t(t + 1) and (a + 1) 
Proof. We use the curves C t and T described in the proof of Lemma 4. The map ρ Ct,Ω(t+1) is surjective. We use that t + 2 − b ≤ t + 2 − a ≤ 2(t + 2 − b) and apply Horace's Lemma and Remark 6.
In the same way we prove the following result. We have δ t,m (m/2) = t(t + 1) − (t + 3 − m/2) 2 − (t + 2 − m/2) 2 − 1 > 0, because the inequality m ≥ t + 2 implies t + 3 − m/2 ≤ t/2.
Proof of Theorem 2. The computations made in the proof of Theorem 1 works even in this case, just quoting Remark 2.
